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2The above mentioned limitations are of course common to the many devices proposed for quantum computation [1,
2]. In the present contribution we will restrict ourselves to a detailed study of cavity quantum electrodynamics (cavity
QED) [3]. In this case one typically has a superconducting cavity with a coherent state fed into it. The interesting
dynamics for quantum computation or for studying basic features of quantum mechanics is related to the (unitary)
atom-eld coupling. It will produce several typical quantum features such as entanglement and superpositions of
states [4]. However, it is impossible to avoid that from the moment a coherent eld is fed into the cavity, it will
couple to the environment and the eects of the latter will tend to destroy all the typically quantum mechanical
features due to the unitary coupling. One of the aims of the present paper is to investigate the relation between the
time scales of these two competing processes. Another question which, to our knowledge, has not been satisfactorily
answered so far is the following: the atom-eld coupling depends crucially on the presence of the eld in the cavity.
If one is working at zero temperature it is clear that asymptotically the eld will go to its vacuum state, rendering
the unitary atom-eld entanglement impossible quite independently of the environment. The basic question is: can
one circumvent this problem by adding an external source which will be present during the whole process? How does
it aect all other time scales of the process?
Besides the fundamental issues addressed by the present work, the results obtained here can also have purely
practical purposes. In fact, recently de Oliveira, Moussa and Mizrahi [5] proposed a control mechanism of a mesoscopic
superposition of states (\Schrodinger cat" state) in a dissipative cavity by the coupling with an external source. It
is a variant of the scheme for creation and monitoring of coherent superpositions of eld states described in [6]. In
Ref. [7], Gerry studied the interaction of an atom with both a quantized cavity eld and an external classical eld.
The interaction between atom and cavity eld has a dispersive character. As a result, various forms of superpositions
of cavity eld states can be produced. Further, robust coherent states may be generated in the steady state of the
cavity if dissipation is included. The present work adds to those contributions in the sense that the source is treated
quantum mechanically and dissipation is taken into account while atom and eld interact. We show that the presence
of an external source will attenuate dissipative eects, since it will maintain a constant eld intensity in the cavity.
However, since decoherence strongly depends on the eld intensity, the presence of an external source will tend to
increase typical decoherence time scales.
Moreover, a rather new aspect treated here is the quantication of quantum correlations in this dissipative dynamics.
It is not diÆcult to nd measures of the degree of entanglement between subsystems of a global system whose state
is pure. The situation dramatically changes, however, if the global state is characterized by a statistical mixture. For
two qubits systems it is possible to provide for a quantitative measure of entanglement using the notion of concurrence
[8]. For a particular initial state, we show that the atom-eld system can be mapped onto a system composed by
two two-dimensional subsystems. We therefore give analytical expressions for the time evolution of the entanglement
between atom and eld measured by the concurrence. To our knowledge, it is the rst time that the time evolution
of the concurrence is obtained for a dissipative system.
This article was organized as follows: in Section II we nd the time development of the atom-eld state for any initial
condition. In Section III, we calculate the time evolution of an initial state chosen and we obtain the idempotency
defect or linear entropy of global and reduced density operators in order to study the purity loss of the compound
system and of the atomic and eld subsystems. We obtain correlation measures of the global state. In particular,
the degree of entanglement between atom and eld is evaluated by nding an expression for concurrence. Finally,
the appendix describes the method used to obtain expressions for the solutions of dierent equations of motion that
appear in Section II.
II. THE DYNAMICS OF THE SYSTEM ATOM-FIELD IN THE PRESENCE OF A RESONANT
EXTERNAL SOURCE
Before handling the complete problem of the dispersive atom-eld interaction in a dissipative environment with an
external source, let us consider the time evolution of a single driven electromagnetic eld mode coupled to a thermal
reservoir at null temperature. The evolution of the eld state, described by the density operator ^
f
in the interaction

















































are the mode and source frequencies, respectively. The contribution
of the external source is identied by the commutator in the right hand side of Eq. (1); the coupling between source









































D  k (2J  M P) : (4)
The superoperators in Eq. (4) are M  a^
y
a^, P  a^
y
a^, J   a^  a^
y
. The term D is called \dissipator" and contains
the non-unitary contributions to the dynamics of ^
f













































D is the displacement operator of the Heisenberg-Weyl group, dened as [9]
^








































= j iF=ki h iF=kj (8)






















a result of the coupling between the eld mode and an external source, a stationary coherent state is produced.
A. Solution of the equations of motion
From now on, we will consider the eld interacting dispersively with a two level atom and coupled to a zero
temperature reservoir and to an external source. In the interaction picture, the evolution of the compound atom-eld
system, described by the density operator ^, is governed by the master equation
d
dt






jei hej   a^
y






















e and g are the atomic levels of interest and !  G
2
=Æ, where G measures the coupling between atom and eld and Æ
is the dierence between the frequency of the atomic transition and the frequency of the mode (detuning). In order
that the dispersive approximation remains valid in the presence of the source, the condition jÆj=G jF j=k must be
satised.
Equations of motion for the operators ^
ee
(t) = hej ^ (t) jei, ^
gg





(t) = hgj ^ (t) jei













= hij ^ (t) jji, i; j = (e; g), represents any of the operators above dened, and L
0
ij

























=  i! (M P) + k (2J  M P) ; (12)
L
eg
=  i! (M+ P + 1) + k (2J  M P) ;
and L
S
was dened in (3).













(0) represents the operator ^
ij
at t = 0. In the appendix we describe in details the method employed to































































The expressions (14a) and (14b) are completely general. For a given initial state, the technique presented in the





















































The functions z (t), p (t) and q (t) in the above expression are given by






























fcosh [(k + i!) t]  1g   i
sinh [(k + i!) t]
k + i!
; (17b)




fcosh [(k + i!) t]  1g : (17c)
The analysis of the argument of the rst exponential in RHS of Eq. (16) provides some understanding of the
asymptotic behavior of the term ^
eg
. The functions dened in (17a)-(17c) produce
z (t) + jF j
2

















































+ 2pq + jp+ qj
2
. For long times (t  1=k), the RHS of (18) depends linearly on t. The real












. It is responsible by the complete disappearance




. Therefore, whichever may be the initial state of the compound system







(0)] jF= (ik   !)i hF= (ik   !)j 




(0)] jF= (ik + !)i hF= (ik + !)j 
 jgi hgj : (19)
The characteristic time of decay of the \non-diagonal elements" for long times depends on the damping constant k,
the eective coupling between atom and eld ! and the intensity of the external source F . It is easy to verify that the




. On the other hand, keeping the value of intensity constant,
the decay of the \non-diagonal elements" is more rapid in the critical damping (k=! = 1) regime for long times.
Finally, in absence of the external source, i.e., making F = 0 in Eqs. (14a), (14b) and (16), we recover the results
obtained in Ref. [10].
III. THE EVOLUTION OF AN UNCORRELATED INITIAL STATE
In order to understand the inuence on the entanglement process between atom and eld in dispersive JCM by the






(jei + jgi) 
 j iF=ki : (20)
This state is prepared turning on the source at t! 1.The source is maintained continuously pumping the eld and,
at t = 0, the eld reaches the stationary state (8). The atom, prepared in a coherent superposition of the states jei
and jgi, begins to interact with the eld. Such state was chosen by simplicity but the results obtained can be easily
extended to more general states such as
 






A. The global density operator











j iF=ki h iF=kj. The state ^ (t) is determined after nding the time evolution of each \matrix elements". The
evolved global state is given by the expression
^ (t) = ^
gg
(t)
 jgi hgj+ ^
ge
(t)
 jgi hej+ ^
eg
(t) 
 jei hgj+ ^
ee
(t)
 jei hej : (21)




























































(t) are the amplitudes dened in Eqs. (15a) and (15b).



















6The complex phase  (!; k; F ; t) is given by the expression































[Im q (t) + iRe p (t)]
o
;
where the functions  (F=k; t) and   (F=k; t) are











(k sin 2!t+ ! cos 2!t)   !

;





















(k cos 2!t  ! sin 2!t)  k

:












































where H: c: stands for Hermitean conjugate.


















































f1  exp [Re (!; k; F ; t)]g ; (28b)
in terms of which ^ (t) can be written as













The purity of the state represented by a density operator ^ is conveniently measured by the idempotency defect or
linear entropy [11]
& (t) = 1  tr ^
2
(t)
In general, if ^ describes a pure state, & = 0, otherwise & > 0. The idempotency defect of the state of the system
atom-eld as a function of time is given by









f1  exp [2Re (!; k; F ; t)]g : (29)
The idempotency defect has an upper limit which is characteristic of a complete mixture. In the case studied, this





(t) vanish at t!1. As consequence,
the coherence loss of the system atom-eld is complete in the stationary regime, i.e., & (t!1) = 1=2:
71. Short and long times behavior of coherence loss of global state
The real part of the function  (!; k; F ; t) controls the behavior of the linear entropy & of the state of the global




























































This distance , dened by the expression D (z; z
0
) = jz   z
0
j, measures the distinguishability between the coherent
states jzi and jz
0
i (z and z
0































, the more rapid the
decoherence process of the global state. This result is a direct consequence of the long times behavior of the decay of
the \non-diagonal elements" discussed above. In fact, the characteristic decoherence time of the global state inherits
the properties of the characteristic time of decay of the \non-diagonal elements" for long times.





























In this regime, the larger the intensity of the external source jF j
2
, the faster is the coherence loss. Besides, for a given
intensity value, the global state begins to lose coherence more rapidly in the subcritical damping regime (k=! < 1).
B. The reduced density operators





). This operator is obtained by taking the partial trace of ^ with respect to the eld variables (respectively,









fjei hej+ jgi hgj (33)
+
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(t)i jei hgj+ H: c:
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The atomic purity loss is measured by the idempotency defect:
&
a





















8We can recognize two distinct contributions to the coherence loss of the atomic state. These contributions are identied
by the two terms in the argument of the exponential in Eq. (36). The rst term, proportional to the real part of the
complex phase , reects the presence of dissipation and the external source. The second term is proportional to the











. Hence, the coherence properties of the atomic
state are aected by the presence of the thermal reservoir and the external source, even if the atom is not directly
coupled to them, and by the entanglement process between atom and eld.






























whose idempotency defect is
&
f







































(t) have equal moduli, the phase between them varies in time in a complicated form. Here, the contribution to the
idempotency defect is due to the entanglement process between atom and eld. The asymptotic eld state is not a































































































































































1. Short and long times behavior of the coherence loss of subsystems states
For long times (kt  1), the coherence loss of the atomic subsystem is dominated by the linear dependence on t
of the function . In this regime, the time dependence of the atomic linear entropy &
a
closely follows that for the
global system &. Hence, the contribution to the atomic coherence loss, for long times, is due to the presence of the
dissipation and the external source, and the time scales of the atomic and the full system's decoherence are the same.
On the other hand, for short times (kt 1 and !t 1), the contribution for the atomic coherence loss is solely due
to the entanglement process. In fact, in this regime, the dominant term in the argument of the exponential in the























. The atomic linear entropy grows accordingly &
a



















Since the decoherence of the atomic state for short times is due to the entanglement process, it is faster in the
subcritical damping (k=! < 1). Moreover, increasing of the intensity of the source shortens the atomic decoherence
characteristic time.
The decoherence of the eld state, for short times, is similar to that of the atomic state. In fact, at t ! 0, the
purity loss of both systems is mainly due to the initial entanglement process. Hence, for short times, the characteristic
decoherence times of atom (
st
a;dec
) and eld (
st
f;dec
) are equal and related to the unitary interaction.
9C. Results and discussion
As we pointed out, the linear term in t appearing in the function  is responsible by the complete vanishing of




. Contrary to the model studied in Ref. [10] { the dispersive JCM with
dissipation but without coupling to an external source { the decoherence of the full system atom-eld prepared in
the initial state (20) is complete. The graphs presented in Figs. 1 and 2 clearly exhibit this behavior. In Fig. 1, the




as a function of !t= for dierent values of k=! are shown, with constant jF j=k ratio. In Fig.
2 are plotted the graphs for two dierent values of the ratio jF j=k in the subcritical regime.
It is interesting to note that the larger the coupling between eld and external source, jF j, the more rapid the
coherence loss of both the full system atom-eld and the atom only. Since the intensity of the injected eld by
the source is a measure of its \classicality", the coherence loss of the global system becomes faster as the intensity
increases. Moreover, the characteristic decoherence time 
lt
dec
is inversely proportional to mean number of photons in










The dependence of & (t) with the ratio k=! is more complicated. Since the characteristic decoherence time directly
depends on the characteristic dissipation time, 1=k, one would expect the decoherence of the global system to be
slower in a less dissipative environment. This conjecture seems to be veried if one compares, in Fig. 1, the curves
of & (t) for k=! = 0:2 and k=! = 1. Note that & reaches the saturation rapidly in the case k=! = 1. Hence, we expect
that the larger the value of k=!, the faster the saturation of &. But it does not happen: as shown in Fig. 1, for
k=! = 1, & reaches the plateau at t = =!, while for k=! = 5, the plateau is reached at t = 3=2!, approximately.











that the unitary contribution tries to
create, is transformed by non-unitary mechanism into a statistical mixture. The more distinguishable the states that
form the superposition, the faster the coherence loss. A measure of distinguishability is provided by the distance in

















(t) are inversely proportional to
!  ik; hence, on the one hand, if the increasing of k favours decoherence, on the other hand, high dissipation taxes











and the decoherence becomes slower.
As the model studied in Ref. [10], the atom is more inuenced by non-unitary dynamics. In fact, the contribution to
the purity loss of the atomic state results both from the interaction between atom and eld and from the presence of the












in the argument of the exponential in Eq. (36). Hence, the purity loss of the atomic state is
complete, as one can verify in the graphs in Fig. 1, specially for the cases k=! = 1 and k=! = 5. On the other hand,
the decoherence of the eld state only results from the interaction between atom and eld. However, contrary to the












. The asymptotic value of the linear entropy &
f
is larger in the critical regime (k=! = 1) than
in the subcritical and supercritical regimes.
It is worth to note that the linear entropy of the eld &
f
exhibits local maxima and minima, specially in the
subcritical regime. These local maxima and minima correspond to the instants (t
c
) of maximum and minimum

















































































). In this case, &
f
is null, the eld is found in a
pure state and the global state disentangles. On the other hand, if !t
c
= (2n+ 1)=2, n integer, Eq. (44) is satised.

















































We consider two dierent cases:
10
1. Critical and supercritical regimes (k=!  1): If !t
c
= (2n+ 1)=2, n even, we have a local maximum, otherwise,
we have a local minimum, but the value of &
f
is not null, i.e., the eld state is characterized by a statistical
mixture.
2. Subcritical regime (k=! < 1): If !t
c
= (2n+ 1)=2, n even, we have a local maximum. On the other hand, if
















= (2n+ 1)=2! < t
trans




, we have a local








According to Werner [12], the density operator ^ which represents the state of a bipartite system A + B is said




















) are density operators on the state space of the system A(B). p
i






= 1. If ^ cannot be written in form (45), the state is said entangled or quantum correlated. Moreover, we






to be a pure state.















information about the global state is lost in the partial tracing out procedure. This information is related to the
local (classical) and non-local (quantum) correlations between the two subsystems, A and B. We can ask about the





as a measure of
the total correlation of the state ^. A possible choice of distance is given by the Hilbert-Schmidt metric, hence, the
total correlation measure of the state ^ is dened as




























f1 + [1  2& (t)] [1 + 2&
f
(t)]g : (46)
c (^) is a non-negative quantity; if the eld is found in a pure state, we have c (^) = 0 and the global state is
characterized by a completely uncorrelated state.
The correlation measure above dened does not distinguish classical and quantum correlations. In order to evaluate
the entanglement of the system atom-eld, we chose the concurrence [8] as measure of degree of entanglement. It has
been proven to be a reasonable entanglement measure for mixed states of bipartite systems composed by two-level
subsystems. Since the reduced state of the eld has rank no greater than two, we can eectively consider the global
system atom-eld formed by two two-level subsystems at each instant of time t. If the density matrix ^ represents
the state of two two-level systems A and B, the concurrence is dened as







































represents the complex conjugation of ^ in a xed basis. ^
y








in the same basis. Note that 0  C (^)  1. The upper limit indicates maximum entanglement; the lower limit is
characteristic of separable states.
11
The concurrence of the global atom-eld state is given by the expression
































(t) are the eigenvalues of the global system and of the eld, respectively. The graphs of the
correlation measure c (^) and the concurrence C (^) as a function of time for the three dynamical regimes are displayed
in Fig. 3. As expected, the asymptotic value of the correlation measure c (^) is not null, since the global system
evolves to a classically correlated state. Hence,






Keeping the value of jF j=k constant, the maximum value of c [^ (1)] occurs in the critical regime.
In the three dynamical regimes, the concurrence vanishes in the asymptotic limit (this is noticeable in critical and
supercritical regimes). In fact, the non-unitary mechanism completely destroys any trace of entanglement between
atom and eld, despite of the continuous pumping of the eld by the external source. Since the global state evolves




, tend to be equal to 1=2.




(t)j in Eq. (47). Note that the
decay of the concurrence in the critical regime is more rapid than the corresponding decay in the supercritical regime.
In the subcritical regime, at the instants when atom and eld are disentangled, C (^) is null, as expected. In these
instants, the eld is found in a pure state, ^
f






(t) disappears. We can
conclude that the degree of entanglement between atom and eld results from the competition of two processes: the
unitary interaction between them and the dissipative dynamics due to the coupling between eld and environment.










These statements remain true even the source is eliminated. In this case, the eld evolves to the vacuum state and
the asymptotic global state is completely uncorrelated [10].
APPENDIX A: ON THE SOLUTIONS OF THE EQUATIONS OF MOTION OF THE \MATRIX
ELEMENTS" OF GLOBAL DENSITY OPERATOR
As we discussed above, the solutions of the equations of motion (10) of the \matrix elements" ^
ij
= hij ^ (t) jji,
i; j = (e; g), are given by the general formula (13). Each dynamical generator L
0
ij
is a linear combination of elements of







(so-called \Lie exponential") on the initial state ^
ij
(0)
might be easily evaluated if one expresses it as an ordered product of exponentials of elements of the corresponding
algebra [13, 14, 15]. We obtain the suitable similarity transformation of the Lie exponentials involved in the solutions
of the equations of motion for ^
ee
, etc., by using the technique developed by Wilcox [13] known as parameter
dierentiation method.
1. The parameter dierentiation method
The parameter dierentiation method [13] uses the Baker-Hausdor formula to expand a Lie exponential in an





















































+    (A1)
















































































































































are real or complex numbers called structure constants of the algebra A
n
[14]. We dene a





















































are the coeÆcients of the linear combination and t is a real or complex parameter. The exponential
(A4) can be expressed as an ordered product of exponentials,































;    ; a
n




and of the parameter t. The parameter
dierentiation method allow us to determine these functions.
Dierentiating both sides of (A5) with respect to the parameter t, we get
d
dt









































































































































; if i = j
1; if i 6= j
:
13




, i = 2;    ; n, to





























































































































































































































































































































































2. The algebra of the bosonic superoperators
The dynamical generator L
0
ij
which appears in the general form of equation of motion (9) for the \matrix elements"
^
ij
= hij ^ (t) jji, i; j = (e; g), is a linear combination of bosonic superopertors [10, 16], which form a nite Lie algebra
under commutation. The bosonic superoperators represent the action of creation and annihilation operators of the
harmonic oscillator, a^
y





















































= 1 and the above denitions, we
















An superoperator belonging to hw
l
(4) commutes with another belonging to hw
r





















By virtue of the presence of the unitary term L
S
















The superoperators above dened generate a nite Lie algebra. The non-null commutation relations between these
superoperators are given by
[J ;M] = J ;






































































3. On the disentanglement of the Lie exponential corresponding to the \diagonal elements"











In terms of the superoperators above dened, the Liouvillian L
0
ee





























] =   (k   i!)Y
 
:






g is an union of two two-dimensional Lie subalgebras.















] exp [ (t)L
+
] : (A14)









(0) =  (0) = 0: (A15)
































































































Taking the initial conditions (A15) into account, the solution of these equations is













































































D is the displacement operator of the Heisenberg-Weyl group [cf. Eq. (7)]. This procedure allows us to nd
























(t) are given by Eqs. (12) and (15b), respectively.
4. On the disentanglement of the Lie exponential corresponding to the \non-diagonal" elements



































is given in Eq. (12).







































































] = 4 jF j
2
:


































where the functions to be determined z, p, q and s obey the initial condition
z (0) = p (0) = q (0) = s (0) = 0: (A21)






























































This identity yields the following set of dierential equations
























(2k+ i!)   2kpq

= 0:
Taking the initial condition (A21) into account, the solution of the above set of dierential equations is
s (t) = t; (A23)




fcosh [(k + i!) t]  1g ;




fcosh [(k + i!) t]  1g   i
sinh (k + i!) t
k + i!
;









































































z (t) + 2 jF j
2


















Hence, the expression for ^
eg





z (t) + 2 jF j
2
















(p + q) (t) a^] exp
















































(t) are the amplitudes dened in (15a), (15b). In Ref. [10], the action of the exponential exp (L
eg
t)
on an initial condition proportional to a coherent state has been evaluated. We employed the results obtained there
to nd the time development of ^
eg
corresponding to the initial state (20) studied here.
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FIG. 1: Linear entropy of the systems atom-eld (solid line), atom (dotted line) and eld (dashed line) as a function of !t for
dierent values of the ratio k=!. For all plots, we have jF j=k = 1.


































FIG. 2: Linear entropy of the systems atom-eld (solid line), atom (dotted line) and eld (dashed line) as a function of !t for
dierent values of the ratio jF j =k. For all plots, we have k=! = 0:2.
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FIG. 3: Total correlation measure c and concurrence C of the global state ^ as a function of !t. For all plots, we have jF j =k = 1.
